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Abstract—Power flow analysis of integrated transmission and 
distribution networks (I-T&D) is the backbone of coordinated 
analysis of I-T&D. The traditional method for I-T&D power flow 
(ITDPF) is the master-slave-splitting-based method (MSSM), 
which divides an I-T&D into TN part, DN part and boundary part 
and solves sub-problems with alternating iterations to obtain 
global solution. This paper abstracts the MSSM as a fixed-point 
problem. Then, considering the limitations of the MSSM, an 
Anderson-acceleration-based method (AAM) is proposed to 
accelerate the ITDPF. This method modifies the iterative variables 
by solving a least-squares problem in each iteration. Numerical 
experiment demonstrates the accuracy of the proposed method. 
Also, better convergence and higher efficiency of the AAM is 
verified. 

Index Terms—integrated transmission and distribution 
networks, master-slave-splitting-based method, Anderson-
acceleration-based method, convergence, least-squares problem.  

I. INTRODUCTION 
With the continuous expansion of power grids and the 

increasingly complex operation mode, the traditional 
independent management of transmission networks (TNs) and 
distribution networks (DNs) has gradually been unable to meet 
the needs of the future dispatching and operation of power 
systems. Therefore, the study on the coordinated analysis for I-
T&D has become increasingly prominent. 

Theoretically, TNs and DNs should be combined as a global 
network to manage and analyze without any simplification or 
equivalence, which is called global model for I-T&D [1]. 
Without the mismatching between TNs and DNs, a Newton-
Raphson method (NRM) based on global model can assure the 
accuracy of ITDPF. Hence in experiment part, we apply NRM 
as benchmarks. However, global model cannot be truly applied 
to real-world application due to privacy issues, numerical 
stability problems as well as communication burdens [1, 2]. 

At present, the most commonly used method for ITDPF 
calculation is the MSSM [1]. In the MSSM, DNs are equivalent 
as loads when calculating the TN power flow while TNs are 
equivalent as fixed voltage sources when calculating the DN 
power flow. Then, TN power flow and DN power flow are 
calculated alternately until the convergence condition is satisfied. 

However, the convergence of this method cannot satisfy the 
rapidly developing DN situation [4]. Also, the convergence rate 
of the MSSM still needs to be enhanced when it is applied into 
the future operations of power systems [5, 6]. 

To deal with the challenge discussed above, the Anderson-
acceleration method (AAM) is introduced [7-9] to improve the 
ITDPF calculation. The main contribution of this paper is that it 

i) concludes the traditional MSSM to a fixed-point problem 
and analyzes its weakness in convergence; 

ii) presents a novel AAM for ITDPF calculation and 
introduces its general theory and specific steps. 

Numerical experiments demonstrate the accuracy, 
convergence and efficiency of the proposed method compared 
with the MSSM. Besides, the tuning of the key parameter in the 
AAM is discussed. 

The remaining parts of this paper are as follows. Section II 
presents the MSSM and analyzes its weakness. Section III 
introduces the theory and implementation of the AAM. 
Numerical experiments are presented in Section IV. Finally, the 
conclusions are drawn in Section V. 

II. MASTER-SLAVE-SPLITTING-BASED METHOD 

A. Model of the MSSM 
In real-world operations, an I-T&D usually consists of one 

TN and several DNs. As shown in Figure 1, the master-slave-
splitting model divides the global system into three parts, which 
are composed of TN part, boundary part and DN part [1]. The 
nodes in the boundary part represent the boundary bus between 
TNs and DNs. 

B. Outline of the MSSM 
MSSM is one of the most commonly used methods to 

calculate ITDPF. This method splits the global power flow 
calculation problem into a TN sub-problem and a DN sub-
problem. 

In the DN sub-problem, the boundary nodes are treated as 
fixed voltage sources, thus the DN sub-problem can be 
expressed as 

D B Dg x x  (1) 
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Figure 1. master-slave-splitting Model 

where the subscripts B, D represent the boundary part and DN 
part, respectively. xB, xD represent the voltage magnitude and 
angle in the boundary part and DN part, respectively. Thus, gD 
is a mapping from the voltage of root nodes in the DN to the 
voltage of all nodes in the DN, which is equivalent to the 
distribution power flow calculation. With the obtained xB, xD, 
the active and reactive power in the boundary part can be 
computed as 

B B B B D, ,P Q g x x  (2) 
 In the TN sub-problem, (PB, QB) are the boundary power 

injections. Thus, the TN sub-problem can be expressed as 
T B B T B, ,g P Q x x  (3) 

where the subscript T represents the TN part. xT represents the 
voltage magnitude and angle in the TN part. gT is a mapping 
from the boundary power injections to the voltage of the nodes 
in the TN and boundary part. 

Based on the formulation above, the traditional MSSM is 
carried out as following steps. 

Step 1: Set the initial value of the boundary state variable
0

Bx , iteration number k=0 and convergence tolerance ε . 

Step 2: Based on (1), input k
Bx  and obtain 1k+

Dx . With 
k

Bx  and 1k+
Dx , 1k

BP  and 1k
BQ  can be obtained by (2).  

Step 3: Solve (3) with 1k
BP  and 1k

BQ  to obtain 1k
Bx  

and 1k
Tx . 

Step 4: if || 1k
Bx - k

Bx ||< ε , the algorithm converges and 
stops. Otherwise, k=k+1, go to Step 2. 

C. Weakness of the MSSM 
As the steps shown above, we can substitute (1) into (2) 

1 1k k k k
B B B B D B, ,P Q g x g x  (4) 

then substitute (4) into (3) 
1 1k k k k

T B B D B T B, ,g g x g x x x  (5) 

neglecting xT, (3) can be simplified as 
1k k

B B=x f x           (6) 

where f represents 

T B D,f g g g  (7) 

This indicates that the iterative procedure of the MSSM can 
be considered as a fixed-point problem. Therefore, the 

convergence of the MSSM is similar to the convergence of 
formulation (6). The convergence condition for formulation (6) 
is [3] 

1B

B

f x
x

 (8) 

where  is the spectral radius of f. In addition, the smaller the 
value of  is, the faster the convergence rate is. 

According to (7), (8) can be expanded as 

1T B D B

B

g t g b g x
t b x

 (9) 

where t represents k k
B B D B,g x g x , b represents 

k k
B D B,x g x , i.e., b is the formulation of gB. 

In formulation (9), three parts are multiplied, which 
influence whether the MSSM converges or not, corresponding 
to the three parts of the master-slave-splitting model. In real-
world power systems, TN is relatively stable and not sensitive 
to the fluctuations of xB, so the first two items of (9) have small 
values that usually will not degrade the convergence of the 
MSSM. 

While for DNs, since the activeness of DNs has been 
significantly enhanced [3], such as more DGs (especially PV-
typed DGs) are accessed into DNs, when xB fluctuates, the third 
item of (9) may be very large and the convergence condition 
cannot hold. Numerical experiments will further demonstrate 
this point. 

III. ANDERSON-ACCELERATION-BASED METHOD 

A. General Theory of the AAM 
As presented in section II-C, the MSSM is abstracted as a 

fixed-point problem. Hence, some acceleration methods for the 
fixed-point problem can be taken into account to deal with the 
weakness of the MSSM. 

AAM is a variant of the conventional fixed-point iteration. 
MSSM only uses the value of boundary state variables in the 
current iteration to calculate those in the next iteration, while 
AAM memorizes the values of boundary state variables in 
several previous iterations to calculate. This modification 
usually alleviates the fluctuations of boundary values and 
improves the convergence. Numerical experiments will 
demonstrate this point. 

The basic theory of the AAM is as follows. 
First, the general form of a fixed-point problem is 

x f x  (10) 

Define : n ng D R R , 
g x x f x  (11) 

Thus, for each iteration 0k , the following least squares 
problem with a normalization constraint will be solved: 

0 02

min ( ) . . 1g x
k k

k

m m

j k m j j
j j

s t  (12) 
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where a simple choice of mk is as (13), given a constant m 
min{ , }km m k  (13) 

and a weight vector 0( , , )
k

k k k
mα  will be achieved.  

The intuition is to minimize the norm of the weighted 
residuals of the previous mk+1 iterates. In particular, if g is affine, 
it is easy to see that α  minimizes the residual norm ||g(xk+1/2)||2 
among all xk+1/2 that can be represented as 

1 2
0

k k
m k m jk /

jj
x x  (14) 

where xk+1/2 represents the intermediate variable between the k-
th iteration and the (k+1)-th iteration, which is given by the 
weighted sum of iterative values in previous mk+1 iterations. 

Hence, the next iteration can be computed 

1 2
1

k

k

m
k k

k j k m j
j

/x f x f x
0

 (15) 

B. Practical Implementation 
As shown in Subsection A, one constrained least-squares 

problem needs to be solved in each iteration. A simple and direct 
method is to solve this problem with mature solvers for solving 
convex optimization problems, such as Gurobi and Cplex. 
However, it is time-consuming. Thus, a more efficient method 
is proposed. 

Noting that the minimization problem (12) can be 
efficiently solved as an unconstrained least squares problem by 
a simple variable elimination, i.e., (12) can be reformulated as 

2min k kg Y γ  (16) 

where 0 1( , , )
kmγ , ( )k kg g x , 1kk k m kY y y  

with 1i i iy g g  for each i. Thus, 

0 0

1

1

, 0
,1 1

1 , 1
k k

i i i k

m m k

i
i m

i m

α γ
α γ γ
α γ

 (17) 

A large number of numerical experiments demonstrate that 
Yk is always full column rank in ITDPF problems. Thus, the 
solution γk to (16) is given by 

T 1 T( )k k k k kγ Y Y Y g  (18) 
Thus, 

1

1 1
0

T 1 T

( ) [ ( ) ( )]

( ) ( )( )

k

k k

m
k

k k i k m i k m i
i

k k k k k k k

x f x γ f x f x

f x S Y Y Y Y g

 (19) 

where 1, ,S
kk k m ks s , 1i i is x x . 

This is the improved iterative form of fixed-point problem. 
Thus, based on (6) and (19), the detailed steps of the 

proposed AAM are as follows. 
Step 1: Initialize 0

Bx , , m, 0
BS and 0

BY , where  is 

the convergence tolerance; 0
BS  and 0

BY are empty matrices. 
Let iteration count 0k . 

Step 2: Calculate +1k
Bx  as 

1
T T1

( ), 0

( ) ( )( ) , 1

k
Bk

B k k k k k k k
B B B B B B B

f k

f k

x
x

x S Y Y Y Y gY
(20) 

Step 3: If 1k k
B Bx x , the algorithm converges and 

stops. Otherwise, go to Step 4. 
Step 4: If k m , calculate k 1

BS  and k+1
BY  as 

+1 +1k k k k
B B B BS S x x  (21) 

+1 +1 +1( ) ( )k k k k k
B B B B Bf gY Y x x x  (22) 

Otherwise, 

+1 +1k k k k
B B B BS S x x

I
0

 (23) 

+1 +1 +1( ) ( )k k k k k
B B B B Bf gY Y x x x

I
0

 (24) 

where I represents an identity matrix, of which the dimension 
is 1m . 

Step 5: Let 1k k  and go to Step 2. 
The detailed process is shown in Figure 2. Figure 2 

elaborates the data exchange between TNs and DNs, and the 
data updating during process. 

 
Figure 2. The calculation process for the AAM  

In real-world operation, the three-phase imbalance of DNs 
need to be considered sometimes. Reference [3] presents a 
heterogeneous model, where the TN is modeled as single-phase 
while DNs are modeled as three-phase. This model can be 
applied to extend the proposed AAM into a three-phase form. 

IV. NUMERICAL EXPERIMENT 
The program for the test run on the Windows 10 of 64 bits. 

The CPU is Intel Core i7-7700, with 3.60GHz master frequency 
and 16GB memory. The programming language used is 
MATLAB R2016b. The convergence tolerance of power flow 
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methods is set to 1e-6 p.u. In Subsection A and B, the parameter 
m for the AAM is set to 3. Nine I-T&D cases (A1-A3, B1-B3, 
C1-C3) are constructed for numerical experiments, as shown in 
TABLE I. Case14, case57, and case118 are IEEE standard cases. 
Case69 is a distribution network with 69 nodes [10]. Compared 
to the case69, several PV-typed DGs exist in case 69A and case 
69B. And case 69B possesses more DGs. They have a constant 
active power output 0.5MW. Each feeder is connected to the TN 
via a transformer with r = 0.002 p.u., x = 0.01 p.u., and ratio = 1. 

TABLE I.  TEST CASE INFORMATION 

case TN case DN case 

DNs are 
accessed 

into the Bus 
No. 

DGs are 
accessed 
into the 

Node No. 
A1 Case14 Case69 14 - 
A2 Case14 Case69A 14 8,15,20 
A3 Case14 Case69B 14 45,61 
B1 Case57 Case69 8,9,12,18 - 
B2 Case57 Case69A 8,9,12,18 8,15,20 
B3 Case57 Case69B 8,9,12,18 45,61 
C1 Case118 Case69 11,78,82,118 - 
C2 Case118 Case69A 11,78,82,118 8,15,20 
C3 Case118 Case69B 11,78,82,118 45,61 

Accuracy of the proposed method is tested in Subsection A. 
Convergence and efficiency are discussed in Subsection B. And 
the tuning of the parameter m is discussed in Subsection C. 

A. Accuracy 
Taking the NRM based on a global model as benchmarks, 

TABLE II compares the power flow results of NRM, MSSM 
and AAM under different cases. 

TABLE II.  POWER FLOW RESULTS OF THE BOUNDARY PART 

Case Data Bus No. NRM MSSM AAM 

A1 

VB/p.u. 

14 

1.0250 1.0250 1.0250 
B/  -16.7862 -16.7862 -16.7862 

PB/MW 4.1870 4.1870 4.1870 
QB/MVar 2.8673 2.8673 2.8673 

B1 

VB/p.u. 

8 

1.0050 1.0050 1.0050 
B/  -4.9888 -4.9888 -4.9888 

PB/MW 2.7068 2.7068 2.7068 
QB/MVar -1.0404 -1.0404 -1.0404 
VB/p.u. 

12 

1.0148 1.0148 1.0148 
B/  -10.8154 -10.8154 -10.8154 

PB/MW 2.6768 2.6768 2.6768 
QB/MVar 1.1158 1.1158 1.1158 

As the data shown in TABLE II, these three methods get 
absolutely the same power flow results. i.e., the AAM can 
accurately calculate the I&T-D power flow, which guarantees 
the validity of following analysis. 

B. Convergence and Efficiency 
The convergence and efficiency of the MSSM and the 

proposed AAM are compared in this subsection. The voltage 
magnitude set-points are all 1.0 p.u. and the voltage angle set-
points are 0. TABLE III lists the iteration number and time cost 
under different methods and different cases. 

Generally, the proposed AAM has better convergence and 
higher efficiency than the MSSM. With a large number of DGs 

accessed into DNs, the sensitivity of power injection to voltage 
in root nodes is significantly enhanced, which leading to the 
third item of formulation (9) increases and the MSSM diverges 
under case A3, B3. In comparison, the AAM converges with 
several iterations. Also, in case A2, B2, it is obvious that the 
iteration number is decreased by around 2/3. These results 
demonstrate that the AAM can effectively improve the 
convergence of ITDPF calculation. As for time, it can be seen 
that the AAM costs less time than the MSSM generally, which 
proves the higher efficiency of the AAM. 

TABLE III.  CONVERGENCE AND EFFICIENCY RESULT 

case 
MSSM AAM 

Iteration 
Number 

Time 
Cost/ms 

Iteration 
Number 

Time 
Cost/ms 

A1 5 46.9 5 31.3 
A2 21 103.7 7 25.7 
A3 Diverge 8 31.3 
B1 5 46.9 5 31.3 
B2 21 262.2 8 78.1 
B3 Diverge 10 109.2 
C1 5 93.8 5 31.3 
C2 9 99.7 7 72.7 
C3 11 187.5 8 93.8 
Further, different initial values of nodal voltage magnitudes 

are set to evaluate the effect in TABLE IV. Without losing 
generality, case A2 is selected with the initial value ranging from 
1.0 to 1.5. With the initial value ranging from 1.0 to 1.3, the 
AAM takes less iterations than the MSSM. Then, with the initial 
value 1.4 and 1.5, the MSSM diverges while the AAM 
converges. In conclusion, compared to the MSSM, the AAM can 
converge faster and tolerate a wider range of initial values. 

TABLE IV.  ITERATION NUMBER UNDER DIFFERENT INITIAL VALUE 

Initial Value Iteration Number of 
MSSM 

Iteration Number of 
AAM 

1.0 21 7 
1.1 22 8 
1.2 24 9 
1.3 26 15 
1.4 Diverge 41 
1.5 Diverge 33 

Besides, the variation of the voltage magnitude of the 
boundary bus under case A2 and case A3 is shown in Figure 3(a) 
and Figure 3(b), respectively. In case A2, the AAM converges 
faster and in case A3, the MSSM diverges. Meanwhile, the 
variational curve under the MSSM shows a significant 
fluctuation at first, and then converges to a stable value or 
diverges. However, the AAM quickly approaches to the stable 
value, which further demonstrates the superiority of the AAM. 

 
(a)                          (b) 

Figure 3. The variation of the voltage magnitude of the boundary bus 
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Figure 4. Iteration number and time cost under different value of m

C. Tuning of m 
In the AAM, m is an essential parameter that memorizes the 

past iteration results. In (13), if m < k, mk = m, then the update of 
iterative variables is just based on the previous m iterations. 

Otherwise, mk = k, m doesn’t work and the acceleration effect 
is not significant. Hence, the iteration number and time cost with 
m range from 1 to 9 under each case. The result is shown in 
Figure 4. 

To select the best m for each case, the iteration number and 
the time cost are compared. For case A1, B1, C1, C2, C3, their 
iteration numbers are relatively small and stable with the 
variation of m. For case A2, A3, B2, B3, with the increment of 
m, the iteration number and time cost first decrease and then 
increase. In conclusion, different cases require different settings 
of m to achieve the best acceleration effect. Hence, the selection 
of m is application-dependent. For the cases studied, m = 3 could 
be taken as an empirical value with stable performance. 

V. CONCLUSIONS 
Generally, this paper proposes a novel AAM to deal with the 

weakness of the conventional MSSM. Numerical experiments 
on several cases demonstrate that 

i)The proposed AAM assures the accuracy of ITDPF, which 
can achieve the same accuracy with a centralized NRM and the 
conventional MSSM; 

ii) The proposed AAM can achieve better convergence and 
efficiency compared with the conventional MSSM. More 
specifically, for some cases where the MSSM converges, the 
AAM can reduce 2/3 iterations and converge with a faster rate. 
While for some cases where the MSSM diverges, the AAM can 
still converge within finite iterations; 

iii) The selection of key parameter m is application-
dependent. 

Future work will focus on the variation and wider application 
of the proposed AAM. 
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